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ABSTRACT
Gauged N = 8 supergravity in four dimensions is now known to admit a deformation
characterized by a real parameter ω lying in the interval 0 ≤ ω ≤ π/8. We analyse
the fluctuations about its anti-de Sitter vacuum, and show that the full N = 8
supersymmetry can be maintained by the boundary conditions only for ω = 0. For
non-vanishing ω, and requiring that there be no propagating spin s > 1 fields on the
boundary, we show that N = 3 is the maximum degree of supersymmetry that can
be preserved by the boundary conditions. We then construct in detail the consistent
truncation of the N = 8 theory to give ω-deformed SO(6) gaugedN = 6 supergravity,
again with ω in the range 0 ≤ ω ≤ π/8. We show that this theory admits fully
N = 6 supersymmetry-preserving boundary conditions not only for ω = 0, but also
for ω = π/8. These two theories are related by a U(1) electric-magnetic duality. We
observe that the only three-point functions that depend on ω involve the coupling
of an SO(6) gauge field with the U(1) gauge field and a scalar or pseudo-scalar
field. We compute these correlation functions and compare them with those of the
undeformed N = 6 theory. We find that the correlation functions in the ω = π/8
theory holographically correspond to amplitudes in the U(N)k × U(N)−k ABJM
model in which the U(1) Noether current is replaced by a dynamical U(1) gauge field.
We also show that the ω-deformed N = 6 gauged supergravities can be obtained
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1 Introduction
For thirty years after its construction in 1982 [1], the SO(8) gauged maximally supersym-
metric N = 8 supergravity was widely considered to be a unique theory. Interestingly, using
the embedding tensor formulation [2], it was recently realized that there is a one-parameter
extension of the theory, commonly denoted by ω, associated with a mixing of the electric and
magnetic vector fields employed in the SO(8) gauging [3, 4]. Inequivalent N = 8 theories
are parameterised by ω in the range 0 ≤ ω ≤ π/8. This development has raised numerous
interesting questions, such as its possible higher-dimensional string/M theory origin and the
consequences of the ω deformation for the holographic dual theory.
In this paper, as a step towards addressing the holography-related questions in particular, we
shall begin by showing that if we retain all the fields of the SO(8) gauged supergravity, then
the maximum degree of supersymmetry that is compatible with any consistent boundary
conditions in the ω-deformed SO(8) theory is N = 3. A key assumption in reaching this
conclusion is that we allow only Dirichlet boundary conditions for the bulk fields with spins
s > 1, since Neumann boundary conditions would give rise to associated propagating spin
s > 1 fields in the dual boundary field theory. We then show that if we truncate the N = 8
1
theory to N = 6, the resulting theory still has a non-trivial ω deformation parameter, with
0 ≤ ω ≤ π/8, and for two specific inequivalent choices of the ω parameter, namely ω = 0
or ω = π/8, it is possible to impose boundary conditions that are compatible with the full
N = 6 supersymmetry. These two theories are related to each by a U(1) electric-magnetic
duality.
We construct the full bosonic Lagrangian and supersymmetry transformation of ω-deformed
SO(6) gauged supergravity as a consistent truncation of the ω-deformed N = 8 theory,
generalising similar results for the undeformed SO(6) gauged N = 6 supergravity [5]. We
compute the three-point correlation functions of the theory at tree-level, focusing on those
which depend on the value of the ω parameter. We find that the only such three-point
functions involve the coupling of the SO(6) gauge fields with the U(1) gauge field and a
scalar or pseudo-scalar field. (The N = 6 supergravity has SO(6)×U(1) gauge fields, with the
scalars and fermions being charged under SO(6) but not under the U(1).) We also compute
these correlation functions in the undeformed N = 6 theory. In comparing these results, and
finding their possible holographic interpretation, make use of Witten’s observation [6] that an
electric-magnetic duality rotation in the bulk corresponds to a so called S-transformation of
the boundary CFT, in which a global U(1) symmetry is gauged and an off-diagonal Chern-
Simons term is introduced. Interestingly, the U(N)k×U(N)−k ABJM model already contains
the desired U(1) × U(1) sector. Thus, we suggest that the holographic dual of the ω = π/8
theory is not a new CFT, as it would be in Witten’s generic framework, but is instead the
ABJM model itself, in the sense that the processes involving the Noether current J and
those involving the dynamical U(1) in the ABJM model are described by ostensibly distinct
bulk theories with ω = 0 and ω = π/8 respectively. The precise relationship involves the
interchange in the CFT correlation functions of a U(1) Noether current and a topological
current already present in the ABJM model.
We also give a discussion of the embedding of the ω-deformed theories into higher dimensions.
Unlike the ω-deformed N = 8 supergravities, whose embedding into eleven dimensions could
be expected to involve the introduction of the “dual graviton” in D = 11 [4], we find that
the ω-deformed N = 6 gauged supergravities can be embedded into the standard eleven-
dimensional or ten-dimensional type IIA supergravities. The essential reason is that the ω-
deformed N = 6 theories are equivalent, after making an appropriate U(1) duality rotation,
at the level of the equations of motion, and since no fields have minimal couplings to the U(1)
gauge potential there is no obstruction to performing the necessary dualisation. Furthermore,
the consistent Kaluza-Klein sphere reductions always operate at the level of the equations of
motion; one cannot write a sphere-reduction ansatz that can be substituted into the higher-
dimensional action. For this reason, the embedding of the ω-deformed N = 6 theories can
be implemented by making the appropriate U(1) duality rotation on the usual embedding
ansatz. In the case of an embedding into eleven dimensions there would still be a non-local
relation between the ansa¨tze for inequivalent values of ω, since the bare U(1) gauge potential
appears in the eleven-dimensional metric ansatz. If one instead considers the embedding into
ten-dimensional type IIA supergravity, where the U(1) field comes from the Ramond-Ramond
2-form, the bare U(1) gauge potential appears nowhere in the reduction ansatz, and so the
embeddings for different values of ω can be locally related.
The plan of this paper is as follows. In section 2 we begin by reviewing some of the key
features of the ω-deformed N = 8 gauged supergravities. We then construct an expansion,
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up to the first few orders in fields, around the maximally-symmetric N = 8 AdS4 vacuum,
with the object of identifying the leading-order interaction terms in which the effect of the ω
parameter becomes apparent. We find that this occurs in the trilinear couplings between an
SO(6) gauge field, a U(1) gauge field, and a scalar or pseudoscalar field. We also set up the
Fefferman-Graham (FG) expansions for all the fields in the AdS4 background. In section 3,
we present in detail the consistent reduction of the ω-deformed N = 8 gauged supergravities
to N = 6. We also show that the ω parameter remains non-trivial, in the sense that it
parameterises theories related by a U(1) duality rotation that lies outside the SO∗(12) global
symmetry group of the theory. In section 4 we study the supersymmetry transformations of
the boundary fields in the FG expansion around AdS4, and we show that the full N = 6
supersymmetry is preserved not only in the undeformed ω = 0 theory but also in the ω = π/8
theory. Section 5 contains detailed calculations of the 3-point amplitudes associated with
the ω-dependent trilinear couplings identified in section 2. These calculations would also
have wider applicability in other situations where one has gauge fields obeying Neumann
boundary conditions as as well as gauge fields obeying Dirichlet boundary conditions. We
discuss the interpretation of these results in the holographic dual boundary theory in section
6. The paper ends with conclusions in section 7. In appendix A we discuss the embedding of
the ω-deformed N = 6 theories in eleven and ten dimensions, and in appendix B we discuss
supersymmetric boundary conditions for the boundary fields in the ω-deformed N = 8 gauged
supergravities.
2 ω-Deformed N = 8 Gauged Supergravity
In this section we begin by reviewing some of the key aspects of the construction of the ω-
deformed N = 8 gauged supergravities. The, for later convenience, we present the first few
terms in an expansion of the Lagrangian order-by-order in powers of the fields. Finally in this
section, we study the details of the Fefferman-Graham expansions for the linearised solutions
around the N = 8 supersymmetric AdS4 background of the ω-deformed theory.
2.1 Review of the ω-deformed theory






ijk, φijkℓ) , (2.1)
where eaµ is the vielbein, ψ
i




µ are the vector fields
(I, J = 1, ..., 8), χijk = χ[ijk] are the spin 1/2 Weyl fermions and
φijkℓ = φ[ijkℓ] = (φijkℓ)
⋆ = 14!ǫ
ijkℓmnpqφmnpq (2.2)
are the scalar fields, which parameterize the coset E7(7)/SU(8). In the 56-dimensional repre-






where uijIJ = (uij
IJ)⋆ and vijIJ = (v
ijIJ)⋆ and











The 56-bein V transforms by right-multiplication under a rigid E7(7) and by left-multiplication
under a local SU(8). Thus the indices [ij] and [kℓ] are local SU(8) indices, whilst [IJ ] and
[KL] are rigid E7(7) indices. The standard SO(8) gauged N = 8 supergravity theory uses the
56-bein defined above. To obtain the ω-deformed version the theory, it suffices to perform
the scalings [4]
uij
IJ → eiωuijIJ , vijIJ → e−iωvijIJ , (2.5)
with ω ∈ (0, π/8]. The bosonic sector of the resulting ω-deformed theory is described by the
Lagrangian
Lbos = LEH + Lgauge + Lscalar − eV




2SIJ,KL − δIJδKL)F+µνKL + h.c.]− 196 eP ijkℓµ Pµijkℓ
−e g2 (−34 Aij Aij + 124 AijkℓAijkℓ) , (2.6)
where Lgauge and Lscalar are the kinetic terms for the gauge and scalar fields, V is the potential,






SIJ,KL = uijIJ . (2.7)
It can be shown that SIJ,KL = SKL,IJ . Further definitions are
Fµν
IJ = 2 ∂[µAν]
IJ − 2 g A[µIMAν]MJ ,










IJ − 2 g AµM [I uijJ ]M .
(2.8)
The SU(8) tensors built out of scalar fields are defined as
Aij = 421 Tk
ikj , Ai





e−iω uklIJ + eiω vklIJ) (uimJK ujmKI − vimJK vjmKI
)
, (2.10)
The local supersymmetry transformations, neglecting terms of cubic or higher order in the
fermions, are given by [9]
δeµ












IJ = − (eiωuijIJ + e−iωvijIJ) (ǫ¯kγµχijk + 2√2ǫ¯iψµj)+ h.c. ,
δχijk = −Pµijkℓγµǫℓ + 32γµνH−µν [ijǫk] − 2gAℓijkǫℓ ,(
δVMij




































The covariant derivative of ǫi is given by
Dµǫ
i = ∂µǫ











It is useful to note that the field equations for the vector fields, up to fermionic terms which
can be handled straightforwardly [4], and the Bianchi identities for their field strengths, can













= 0 , (2.16)
where θ is defined in (2.4). In the limit of vanishing SO(8) coupling g [7], this equation is
invariant under a rigid E7(7) symmetry. This equation serves to define H+µν as well as G
+
µν ,
the latter taking the form
i (e− iωuijIJ + e iω vijIJ)G+µν IJ = (e
− iωuijIJ − e iω vijIJ)F+µν IJ . (2.17)
The ostensible Sp(56) symmetry of (2.16) for g = 0 = ω is broken down to E7(7) by the
requirement of the consistency of the transformations that rotate Fµν and Gµν into each
other with the equation (2.14). This is a stringent condition, since (2.14) shows that Gµν is
not an independent field but rather a functional of Fµν and the scalar fields. The fact that
consistency is achieved by for the E7(7) symmetry is seen manifestly from the observation












This equation is manifestly E7(7) invariant for vanishing SO(8) coupling constant, and van-
ishing ω. The introduction of ω-dependent phase factors takes V outside E7(7) but it is still
inside Sp(56), in such a way that the theory is still locally supersymmetric. The further
turning on of the ω parameter is consistent with the local SO(8) and with supersymmetry.
In the following section, where we shall consider the consistent truncation of the N = 8
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0 = 18Aik1 A1kj −Ai2kℓmA2jkℓm − trace . (2.21)
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IJ − vijIJDµ(A)vkℓIJ . (2.22)
Finally, we record a convenient parametrization of the E7(7)/SU(8) coset element in the so-















In this gauge the I, J indices are no longer distinguishable from the i, j indices.
2.2 Expansion of the ω-deformed N = 8 supergravity around maximally
supersymmetric AdS4
In what follows, we will use the following abbreviations











2 (φ · φ¯)ijIJ + a
4
4! (φ · φ¯ · φ · φ¯)ijIJ +O(φ6) ,
vijIJ = aφijIJ + a
3
3! (φ · φ¯ · φ)ij, IJ +O(φ5) . (2.25)
The expansion of P ijkℓµ up to cubic order in fields is
P ijklµ = ∂µφ




3 [(φ · φ¯)[ijIJ ∂µφkl]IJ − φijMN φklPQ ∂µφMNPQ] . (2.26)
In order to derive the gauge kinetic terms we have to solve order by order in G+µν IJ equation
(2.14). The result is the following
iG+µν IJ = F
+(1)
µν IJ + F
+(2)
µν IJ − 2 a e2iωφIJKL F+(1)µν KL
−2 a e2iω φIJKL F+(2)µν KL + 2 a2 e2iω φIJMN φMNKLF+(1)µν KL + · · · (2.27)
where we have denoted with F (1) and F (2) the abelian and nonabelian part of the field
strengths respectively
F (1)µν
IJ = 2 ∂[µAν]
IJ , F (2)µν
IJ = −2 g A[µIMAν]MJ . (2.28)
Using the above lemmata, we find
Aij = +e−iω δij + e−iω δij a
2
24 |φ|2 + eiω a
3





864 (|φ|2)2 − a
4
6 (φ · φ¯)KiLI (φ · φ¯)LjKJ δIJ
]
+eiω
[− 19a5420 (φ · φ¯ · φ · φ¯ · φ)iI,jI + a563 |φ|2(φ · φ¯ · φ)iI,jI
+a
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jkl = −eiω 2 a δiI φIjkl − e−iω 3 a2 (φ · φ¯)[jkiI δl]I





















I (φ · φ¯)ℓ]nim − a4(φ · φ¯)[jkIJ(φ · φ¯)ℓ]I iJ
]
. (2.30)
In obtaining the above results, we have used the following properties, related to self-duality
of the scalar fields




φrmnp φrijk = − 116 δijkmnp |φ|2 + 94 δ[i[m (φ · φ¯)np]jk] . (2.31)
Note that in (2.29) and (2.30) the even and odd powers of scalar fields are multiplied by
different ω phases. When computing the scalar potential we take the T tensor components
times their complex conjugates and the ω dependence drops out in the terms which contain an
even number of scalar fields. An ω dependent phase shows up in the other terms, containing an
odd number of scalar fields. This is consistent with the fact that the value of the cosmological
constant and the scalar spectrum (obtained from the order zero and order two terms) are
insensitive to the ω-deformation. Finally notice that, if we want to compute the scalar
potential up to fourth order in the scalar fields we only need to compute Ai
jkl up to third
order, due to the absence of the zeroth order contribution to this T-tensor component.
Next, we expand the bosonic Lagrangian (2.6) to fourth order in excitations around the
maximally supersymmetric AdS4 vacuum. The vacuum solution corresponds to φijkl = 0 =
Aµ
IJ . Using the formula given above, we find
e−1Lscalar = − 196 ∂µφijkl ∂µφijkl + 124 g (∂µφijkl)φIijkδlJ Aµ IJ + c.c.






− 124 g2 [18 |φ|2AµIJ Aµ IJ + 3 (φ · φ¯)IKJLAµIJ AµKL] . (2.32)
The expansion of the gauge kinetic terms, on the other hand, up to fourth order in field,
yields
e−1Lgauge = −12 ∂[µAν]IJ ∂µAν IJ + g ∂[µAν]IJ Aµ IMAν MJ
+Re{ae2iωφIJKL} ∂[µAν]IJ ∂µAν KL
+12 Im{ae2iωφIJKL} ǫµνρσ∂µAνIJ ∂ρAσKL +
−Re{a2e2iω(φ · φ)IJ,KL} ∂[µAν]IJ ∂µAν KL
−12 Im{a2e2iω(φ · φ)IJ,KL} ǫµνρσ ∂µAνIJ ∂ρAσKL
−2 gRe{a e2iω φIJKL} ∂[µAν]IJAµKMAν ML
− g Im{a e2iω φIJKL} ǫµνρσ ∂µAνIJAρKMAσML
−12 g2 A[µIMAν]MJAµ INAν NJ . (2.33)
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Finally, the potential up to fifth order in scalar fields, is given by
V = −6− a23 |φ|2 + a
4
216 (|φ|2)2 − a
4





i 2ω(φ · φ¯ · φ · φ¯ · φ)iI,iI − a536ei 2ω|φ|2(φ · φ¯ · φ)iI,iI + c.c
]
. (2.34)
Note that this is independent of the deformation parameter ω. In fact, as we argue in section
3, the ω parameter does not enter at all in the scalar potential V of the N = 6 theory.
2.3 Fefferman-Graham expansions in the linearized ω-deformed N = 8 su-
pergravity
Here we study the variation of the boundary fields arising in the Fefferman-Graham (FG) ex-
pansion, in which certain convenient gauge choices are made for the fields of spins s ≥ 1. Since
we shall be using the symmetric gauge for the representative of the the coset E7(7)/SU(8),
there will be no distinction between SU(8) and SO(8) indices. Therefore, in this subsection
we shall use I, J,K, ... to denote SO(8) indices, which then allows us to use the indices i, j, k, ..
to label the coordinates of the three-dimensional boundary of AdS4. For the fermionic fields,
the avoidance of SU(8) indices will be facilitated by going over to Majorana basis. In doing








2ωχL → χIJK (Majorana) , (2.35)
where the SU(8) indices on the chiral spinors are suppressed. It will also prove to be conve-
nient to define the real and imaginary parts of the scalar fields as
φIJKL = SIJKL + iPIJKL . (2.36)
It follows from (2.2) that
SIJKL = 1
4!







, e0ˆi = 0 , e
rˆ
0 = 0 , A
IJ
0 = 0 , ψ
I
0 = 0 , (2.38)
















(1)i + · · · ,
SIJKL = z0 SIJKL(1) + z20 SIJKL(2) + · · · ,


























− + · · · , (2.39)
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(3) + · · · . (2.40)
Plugging the FG expansions of various fields into the supersymmetry transformation rules,
















where Kab(0)i is the super-torsion constructed from ψI(0)i+, and we have used the fact that
∂iǫ+ =
1
2γiǫ−. (See, for example, [33] for the explicit solution for the Killing spinors in
AdSd+1 in Poincare´ coordinates.) The supersymmetry variation of the boundary data of the
spin-1 field is given as
δAIJ(0)i = −
(
cos 2ω ǫK+ γ(0)iχ
IJK






+ · · · ,
δAIJ(1)i =
[

















+ · · · . (2.42)
where the ellipses refer to term depending on ψr(0)i+, which vanish for the Dirichlet boundary
conditions that we shall impose on the gravitini in the next section when we analyze the
supersymmetry-preserving boundary conditions. There remains the supersymmetry variation
of the boundary data of the spin-12 and spin-0 fields, which take the form
δχIJK+ = −SIJKL(2) ǫL+ + 2iPIJKL(1) γ5ǫL− − i /DPIJKL(1) γ5ǫL+ ,






















































− − 14!εIJKLMNPQǫ¯M− γ5χNPQ−
−ǫ¯[I+γ5 /DχJKL]− + 14!εIJKLMNPQǫ¯M+ γ5 /DχNPQ−
)
. (2.43)
It should be noted that several compensating transformations have been used when deriving
the above results. The reason for this is that the gauge choices adopted in the FG expansion
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are not preserved under the supersymmetry transformations alone. It is necessary to make
certain compensating transformations of the fields using the diffeomorphism, local Lorentz
and local SO(8) symmetries, in order to maintain the orignal gauge choices. We denote the
corresponding transformation parameters by (ξµ, Λab andO
IJ), respectively. The gauge choice
for the vielbein (see (2.38)) is preserved by accompanying the supersymmetry transformations
with compensating diffeomorphism and local Lorentz transformations, whose parameters are




µrˆ) , Λ0ˆi = −ǫ¯Iγ0ˆψIi . (2.44)
To maintain the gauge choice AIJ0 = 0 requires a compensating SO(8) transformation with
parameters determined by the conditions
∂z0O
IJ = −δǫAIJ0 . (2.45)
The OIJ can be solved order by order in z0, with, at leading order,
OIJ = z0O
IJ
(1) + · · · , OIJ(1) = (cos 2ω ǫK+χIJK− + i sin 2ω ǫK+γ5χIJK+ ) . (2.46)
The compensating transformation OIJ explains the derivative term in the supersymmetry
variation of AIJ(1)i. To maintain the gauge condition ψ
r
0 = 0, the ǫ
i
(3) and higher-order co-
efficients in the FG expansion of the supersymmetry transformation parameter need to be
modified, but these do not affect the result at the order to which we are working. The com-








. It can be seen that ΠIJ ∼ O(z20) after using
the FG expansions of the scalar fields. Therefore, ΠIJ will not contribute to the variation of
the leading falloff coefficients.
3 Consistent Truncation to ω-Deformed SO(6) Gauged
N = 6 Supergravity
In this section, we shall construct the full bosonic Lagrangian and supersymmetry transfor-
mations of ω-deformed SO(6) gauged supergravity as a consistent truncation of the N = 8
theory summarized in the previous section. To keep the notation simple, we shall use the
same indices i, j and I, J that in the previous section ran from 1 to 8, but now in this section
they will run from 1 to 6 for the N = 6 theory. The consistent truncation of the N = 8
theory is achieved by the rules
A7I = 0 , A8I = 0 , φIJK7 = 0 , φIJK8 = 0 , (3.1)
in the bosonic sector, and by
ψ7µ = ψ
8
µ = 0 , χ
IJ7 = χIJ8 = 0 , (3.2)
in the fermionic sector. It is straightforward to check that the supersymmetry transformations
of the truncated fields remain vanishing. Introducing the notation





78 := Qµ ,
uij78 := u
ij , u78
IJ := uIJ , u7878 := u , (3.3)
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with self-explanatory similar definitions for vij , vIJ , v), the truncation rules (3.1) lead to the
following result for the full bosonic Lagrangian of the ω-deformed SO(6) gauged supergravity:




2SIJ,KL − δIKδJL)F+µνKL + 4iF+µνSIJF+µνIJ
+2iF+µν(2S − 1)F+µν + h.c.
]
− 196 eP ijkℓµ Pµijkℓ − 18 eP ijµ Pµij − eV , (3.4)






SKL,IJ = (u+v)uijIJ−(uij+vij)uIJ ,
SIJ = (u+ v)−1
[
uIJ − (uKL + vKL)SKL,IJ
]
, (3.5)
S = (u+ v)−1
[
u− (uIJ + vIJ)SIJ
]
,
as can be seen from (2.7) and the truncation conditions (3.1). The definitions (2.8) hold for
the N = 6 theory with all the indices restricted to run from 1 to 6, while P ijµ is defined as








The scalar potential for the N = 6 theory takes the form
V = g2
(








jkℓ = − 43 Ti[jkℓ] , A2ij = − 43 Tij , (3.8)




e−iω uklIJ + eiω vklIJ) (uimJK ujmKI − vimJK vjmKI
)
− δji Skl ,
Skl = 35
(








e−iω uIJ + eiω vIJ) (uimJK ujmKI − vimJK vjmKI
)− δji S ,
S = 35
(




The result (3.7) is obtained by restricting the free indices of of (2.21) to run from 1 to 6 and
then taking the trace. The relations (3.8) follow from (2.20), while (3.9) and (3.10) follow
from (2.19) by the restriction of the free indices to lie in the SO(6) and U(1) directions.
The local supersymmetry transformations of the N = 6 theory are obtained, up to cubic
fermions, from those of the N = 8 theory by applying the consistent truncation rules (3.1),
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and they take the form
δeµ










































+ 2(eiωu+ e−iωv)ǫ¯kγµχk +h.c. ,
δχijk = −Pµijkℓγµǫℓ + 32γµνH−µν [ijǫk] − 2gA2ℓijkǫℓ ,
δχi = −Pµijγµǫj + 12γµνH−µνǫi − 2gA2j iǫj ,(
δVMij
























Recalling the definitions (3.3), it is straightforward to check that V satisfies






































where F+1µνIJ and F
+










µν − F+µν) . (3.16)









The covariant derivative of ǫi is now defined as
Dµǫ
i = ∂µǫ
i − 14ωµabγabǫi + 12Qµijǫj ,
Qµ
i








IJ − vkℓIJDµ(A)vkℓIJ + ukℓ∂µukℓ − vkℓ∂µvkℓ
]
.
In the limit of vanishing SO(6) coupling constant, the field equations are invariant under
SO⋆(12) duality transformations, as can be seen from the field equations analogous to (2.16),













































Therefore Uˆ is an element of R-symmetry group U(6) and consequently UˆV also parameterises
SO∗(12). Note that since Vˆ is an element inside the U(6) subgroup of SO∗(12) and V is an
element in the coset SO∗(12)/U(6), by definition
Vˆ V(φ) = V(φ′)Vˆ , φ′IJ = e−2iαφIJ . (3.22)
On the other hand, the ω-deformed N = 6 theory is obtained by acting with a matrix Wˆ on







Since Wˆ 6= Vˆ , we see that the ω deformation of the N = 6 theory cannot be absorbed by
means of any U(1)R transformation.
It is, perhaps, worth emphasising that although the above argument shows that ω is a non-
trivial parameter in the N = 6 theory, it is for the slightly subtle reason that one cannot
perform any local field redefinition that would implement a duality rotation on the U(1) gauge
field in the Lagrangian itself. One could, of course, make such a duality rotation at the level






cos β sin β







where Gµν = 4ǫµναβ∂L/∂Fαβ , which then implies
F+1µν −→ e−iβ F1µν , F+2µν −→ eiβ F2µν . (3.25)
Thus on the full set of SO(6)× U(1) gauge field strength and their duals, this duality trans-












It is now evident that if we right-multiply V by the matrix Vˆ Zˆ, with α = ω and β = −4ω, we
obtain the same result as the right-multiplication by Wˆ that generates the ω deformation of
the N = 6 theory [10]. Although it might therefore appear that the ω deformation is trivial
in the N = 6 theory this is in fact not the case, since the theory at the quantum level is
specified not by its equations of motion but rather, by its Lagrangian, and in the Lagrangian
one would have to make a non-local field redefinition of U(1) gauge potential in order to
implement the Vˆ Zˆ transformation. In particular, since the Lagrangian defines the nature of
the correlation functions in the dual theory, the results can, and indeed do, depend on the
value of ω. Nonetheless, As we shall see in section 6, there exists a relationship between the
correlation functions of the ω = 0 and ω = π/8 theories. It is also worth emphasising that
since the equations of motion in the ω-deformed N = 6 supergravity are independent of the
ω parameter, upon the use of a duality rotation of the U(1) gauge field, this implies that the
scalar potential V must be independent of ω. This accords with what we found in section
2.2, where the scalar potential was expanded explicitly, up to and including the fifth order in
the scalar fields.
4 Supersymmetric Boundary Conditions in the ω-Deformed
N = 6 Theory
In order to calculate the holographic correlation functions it is crucial to understand the
boundary conditions imposed on the fields. In the standard AdS/CFT dictionary, the par-
tition function of the bulk gravity theory is equal to the partition function of the boundary
CFT. The boundary values of the bulk fields are identified as the external sources coupling to
certain operators on the boundary. In general, the bulk fields satisfy second-order equations
and therefore, for a single field, near the boundary of AdS there are two boundaries values
associated with different falloff rates. Under certain circumstance, these two boundary values
allow the option of different boundary condition choices for the bulk fields. Interestingly,
imposing different boundary conditions for the bulk fields leads to different dual boundary









a scalar field with mass-squared m2 behaves as φ(z) ∼ z∆−0 φ−(~z)+z∆+0 φ+(~z) when approach-
ing the AdS boundary, where ∆± = 12 (d±
√
d2 + 4m2). It was established in [11–13] that for
m2 > −d24 + 1, there is a unique admissible boundary condition, for which φ−(~z) is treated
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as the external source on the boundary CFT. However, for −d24 < m2 < −d
2
4 + 1 there are
additional possible conditions. One can impose either a Neumann boundary condition by
identifying φ+ as an external source on the boundary, or else a mixed condition by imposing
a functional relation between φ− and φ+. The Neumann boundary condition leads to an
alternative quantization on the boundary CFT [14], while the mixed boundary condition is
interpreted as deforming the CFT by multi-trace operators [15,16].
For bulk Abelian gauge vectors, it was shown in [17] that for d = 3, 4 and 5, both the slow-
falloff and the fast-falloff parts of the vector are normalizable. Furthermore, in [18] it was
suggested that if the Neumann boundary condition is adopted for the vector field, the dual
of the vector field represents a dynamical gauge field in the CFT. Similarly, the possibility
of imposing different boundary conditions for spin-32 and for the graviton has been explored
in [18–20]. The Neumann boundary conditions for the gravitino and the graviton imply the
existence of dynamical gravitino or graviton fields in the boundary theory.
In this work, we shall focus on the case where the ω-deformed N = 6 gauged supergravity
can still have a dual CFT description. We shall, therefore, still impose standard Dirichlet
boundary conditions on the spin-32 and spin-2 gauge fields. With the boundary conditions for
the spin-32 and spin-2 fields thus determined, the supersymmetry-preserving boundary condi-
tions for the lower-spin fields can then be derived from the supersymmetry transformations
of the coefficient functions associated with the large-distance expansions of the lower-spin
fields [20–22].
Turning now to the specific case of the ω-deformed gauged N = 6 supergravity, we therefore
begin, as discussed above, by imposing Dirichlet boundary condition on the spin-2 and spin-32
















we then deduce that the vanishing of ψI(0)i+ implies A
IJ
(0)i = 0. The supersymmetry variation











+ · · · ,















+ · · · , (4.3)
will then require2
cos 2ω χIJK+ + i sin 2ω γ5χ
IJK
− = 0 . (4.4)
The variation of the above equation should also vanish. Using
δχIJK+ = −SIJKL(2) ǫL+ + 2iPIJKL(1) γ5ǫL− − i /DPIJKL(1) γ5ǫL+ ,
δχIJK− = 2SIJKL(1) ǫL− − iPIJKL(2) γ5ǫL+ + /DSIJKL(1) ǫL+ , (4.5)
1For simplicity, we work with AdS4 of unit radius, which corresponds to setting g = 1/
√
2.
2The ellipses refer to term depending on ψr(0)i+ which vanish for the Dirichlet boundary conditions that we
impose on the gravitini.
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we deduce that
cos 2ωPIJKL(1) + sin 2ωSIJKL(1) = 0⇒ − cos 2ωPIJ(1) + sin 2ωSIJ(1) = 0 ,
cos 2ωSIJKL(2) − sin 2ωPIJKL(2) = 0⇒ cos 2ωSIJ(2) + sin 2ωPIJ(2) = 0 , (4.6)
which will further imply
cos 2ωχI+ − i sin 2ωγ5χI− = 0 , (4.7)
according to the variation of SIJ and PIJ
δSIJ(1) = 2ǫ¯[I+χJ ]− + 13!εIJKLMN ǫ¯K+χLMN− ,






































− − ǫ¯K+ γ5 /DχLMN−
)
.(4.8)
It can be checked that (4.6) and (4.7) are consistent with the variation of χI
δχI+ = −SIJ(2)ǫJ+ + 2iPIJ(1)γ5ǫJ− − i /DPIJ(1)γ5ǫJ+,
δχI− = 2SIJ(1)ǫJ− − iPIJ(2)γ5ǫJ+ + /DSIJ(1)ǫJ+ . (4.9)
Finally, given the boundary conditions for the spin-32 , spin-
1
2 (4.4), (4.7) and spin-0 fields
(4.6), we can derive the admissible boundary condition for the U(1) gauge field that preserve
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+ · · · , (4.10)
one can see that when ω 6= 0, the only boundary condition preserving the N = 6 supersym-
metry is given by




In other words, the only case within the class of ω-deformed N = 6 supergravities where
there can exist consistent boundary conditions that preserve the N = 6 supersymmetry is
when ω = π/8. The U(1) gauge field must then satisfy the Neumann, rather than Dirichlet,
boundary condition.
If we redefine the complex scalar
ϕ˜IJ ≡ e−2iωϕIJ , (4.12)





(0)i = 0 , A
IJ
(0)i = 0, A(1)i = 0, S˜IJ(1) = 0 , P˜IJ(2) = 0 ,
cos 2ωχIJK+ + i sin 2ωγ5χ
IJK
− = 0 , cos 2ωχ
I
+ − i sin 2ωγ5χI− = 0 , (4.13)
with the condition also that ω = π/8.
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5 ω-Dependent 3-Point Tree Graphs
One of our primary goals in this paper is to identify and compute the simplest correlation
functions that are sensitive to the ω-deformations of the bulk supergravity theory, in order to
gain insights into the effects of the deformations on the boundary conformal field theory. Our
starting point is to study the expansion of the four-dimensional fields around the trivial AdS4
vacuum of the N = 8 ω-deformed gauged supergravity. For the reasons discussed already,
our focus will be on the consistent truncation of the N = 8 theory to N = 6, for which,
as we showed in section 4, we can impose supersymmetric boundary conditions in which
the graviton and gravitini obey standard Dirichlet asymptotics. The scalar potential of the
N = 6 truncation is independent of the deformation parameter ω, and so within the bosonic
sector this leaves the coupling of the scalars in the gauge-field kinetic terms as the remaining
place where ω-dependence can enter. In appendix A, we present the expansion of the the
gauge-field kinetic terms of the ω-deformed N = 8 theory up to quartic order in the bosonic
fields. From this expansion, it is evident that there is in fact ω dependence in the trilinear
couplings of two gauge fields with a scalar field, and thus for our present purposes it suffices
to focus on these terms of cubic order in the bosonic fields.
The ω dependence in the εIJKLMNϕ
IJFKLFMN terms can be absorbed into a redefinition of
ϕIJ , as in (4.12). A further advantage of using the redefined ϕ˜IJ is that the real and imaginary
parts of ϕ˜IJ then satisfy definite boundary conditions (4.13), whereas the boundary conditions
imposed on the original scalars ϕIJ involve ω-dependent linear combinations of the real and
imaginary parts of ϕIJ .
After taking the redefinition into account, we are left with two ω-dependent vertices at the
trilinear order. After truncating to the fields of N = 6 supergravity, as discussed in section
















In the above expressions, we do not distinguish the lower and upper indices since in this
section we work with Euclidean signature. As we discussed in the previous section, for non-
zero values of the ω parameter N = 6 supersymmetry of the boundary conditions requires
ω = π/8, and specific asymptotic falloff behaviors for the scalars near the boundary of AdS.
Explicitly, S˜IJ(z) ∼ z20 S˜IJ(~z) and P˜IJ(z) ∼ z0P˜IJ (~z), which means ∆ = 2 in the bulk to
boundary propagator of S˜IJ and ∆ = 1 in the bulk to boundary propagator of P˜IJ . We
shall, however, keep our discussion more general, and leave the conformal dimension ∆ for
the scalars S˜IJ and P˜IJ arbitrary for now.
According to the AdS/CFT dictionary, the cubic interactions in the supergravity Lagrangian
are associated with certain 3-point correlation functions in the boundary CFT. The mapping























Fig. 1. Witten diagram corresponding to the ω-dependent bulk 3-point interactions.














µρgνσ∂[µGν]i(z, ~x2)∂ρG˜σj(z, ~x3) , (5.2)
in which the K∆(z, ~x) is the bulk to boundary propagator associated with the scalar field of
conformal dimension ∆,
K∆(z, ~x) = c∆
( z0








Gµi(z, ~x) is the bulk to boundary propagator associated with A
IJ
i . Since A
IJ
i satisfies Dirichlet
boundary conditions, its bulk to boundary propagator takes the standard form [24]
Gµi(z, ~x) = c3
z0
[z20 + (~z − ~x)2]2




Jµν(x− y) = δµν − 2(x− y)µ (x− y)ν|x− y|2 . (5.5)
It follows that Gµi(z, ~x) satisfies
∂[µGν]i(z, ~x) =
2
π2[z20 + (~z − ~x)2]2
J0[µ(z − ~x)Jν]i(z − ~x) . (5.6)
It can also be checked that
∂
∂xi
∂[µGν]i(z, ~x) = 0 , (5.7)
which implies that AIJi is dual to a conserved current of dimension 2. G˜µi(z, ~x) is the bulk
to boundary propagator associated with Ai.
Since the bulk U(1) gauge field Ai satisfies instead a Neumann boundary condition, its bulk
to boundary propagator takes a different form [23]. It is shown in [23] that up to a pure gauge
term, the propagator for a U(1) gauge field in AdSd+1 can be expressed as
Gµν(z, w) = −F (u) ∂
2u
∂zµ∂wν





where F (u) satisfies
u(u+ 2)F ′′ + (d+ 1)(1 + u)F ′ + (d− 1)F = 0 . (5.9)








The propagator associated with the usual Dirichlet boundary condition can be obtained by
choosing F (u) ∝ F1. If instead F (u) is chosen to be proportional to F2(u), we obtain the
U(1) gauge boson propagator associated with the Neumann boundary condition, which we
shall denote by G˜µν . It is given by
G˜µi(z, ~x) = c˜3
1




δµ0), c˜3 = − 1
2π2
, (5.11)
with its curl given by
∂[µG˜ν]i(z, ~x) = −
1
2π2z0[z20 + (~z − ~x)2]
J0[µ(z − ~x)Jν]i(z − ~x) . (5.12)
The constant c˜3 is fixed by requiring that G˜µi(z, ~x)→ z0δijδ3(~z − ~x) when z0 → 0.




∂[µG˜ν]i(z, ~x) 6= 0 . (5.13)
This means that the holographic dual of Ai cannot be a conserved current. On the other
hand, the 2-point amplitude associated with two Ai fields reveals that the dual of Ai should
have dimension 1, which is below the unitary bound for a spin-1 operator in CFT3. However,
1 is the correct dimension for a Chern-Simons gauge field. Following [18], these facts lead to
the conclusion that the holographic dual of Ai is a dynamical U(1) Chern-Simons gauge field.
Because of the translation invariance in the 3-dimensional boundary directions, the 3-point




ij (~x1, ~x2, ~x3) = T
(1)IJ,KL
ij (~x13, ~x23, 0) , (5.14)
where ~x13 = ~x1 − ~x3 and ~x23 = ~x2 − ~x3. For simplicity, we shall first compute the amplitude
T
(1)IJ,KL
ij (~w, ~x, 0) , (5.15)




ij (~w, ~x, ~y)||y|→0 . (5.16)






|w′|2 , ~x =
~x′




Under the inversion of coordinates, the propagators transform covariantly as
K∆(z, ~w) = K∆(z
′, ~w′)|w′|2∆ ,
∂[µGν]i(z, ~x) = (z
′)2Jµρ(z′) · (z′)2Jνσ(z′) · (~x′)4Jki(~x) · ∂′[ρGσ]k(z′, ~x′) ,
∂[µG˜ν]i(z, ~x) = (z
′)2Jµρ(z′) · (z′)2Jνσ(z′) · (~x′)2Jki(~x) · ∂′[ρG˜σ]k(z′, ~x′) . (5.18)







































The above expression can be computed by using two integral formulae. The first is given






[z20 + (~z − ~x)2]b[z20 + (~z − ~y)2]c
≡ I[a, b, c, 3]|~x − ~y|4+a−2b−2c,





Γ[a+12 ]Γ[b+ c− a2 − 2]Γ[2 + a2 − b]Γ[2 + a2 − c]
Γ[b]Γ[c]Γ[4 + a− b− c] . (5.20)





za0 (~z − ~y)i
[z20 + (~z − ~x)2]b[z20 + (~z − ~y)2]c
= I˜[a, b, c, 3]
(~x− ~y)i
|~x − ~y|2b+2c−a−4 ,







2 − c]Γ[2 + a2 − b]Γ[b+ c− a2 − 2]
Γ[b]Γ[c]Γ[5 + a− b− c] . (5.21)
In fact for c > 2 the second integral can be expressed as the derivative of the first with respect
to yi. For generic values of c, integral (5.21) can be directly computed by using Feynman
integral techniques with two denominators. After performing the z integral, we obtain
T
(1)IJ,KL























×(∆− 3)Jij(~x) + (∆ + 1)Jik(~x− ~w)Jkj(~w)|~x|3−∆|~w|∆−1|~w − ~x|∆+1 . (5.22)





ij (~w, ~x, 0) = 0 . (5.23)
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In terms of the original ~xi coordinates,
T
(1)IJ,KL









×(∆− 3)Jij(~x2 − ~x3) + (∆ + 1)Jik(~x2 − ~x1)Jkj(~x1 − ~x3)|~x2 − ~x3|3−∆|~x1 − ~x3|∆−1|~x1 − ~x2|∆+1 . (5.24)
The second ω-dependent cubic vertex in (5.1) leads to another 3-point boundary amplitude,
T
(2)IJ,KL












µνρσ∂µGνi(z, ~x2)∂ρG˜σj(z, ~x3) . (5.25)
Following the same strategy, we shall compute
T
(2)IJ,KL
ij (~w, ~x, 0) , (5.26)
and replace w by ~x13 and x by ~x23 at the final stage of the calculation. Utilizing again the
inversion trick and the properties of the various propagators under the inversion of coordinates,







































′ − ~x′)2]3 . (5.27)
In the derivation of the above results, the following equalities have been used
ǫµνρσJµλ(z
′)Jντ (z′)Jργ(z′)Jση(z′) = −ǫλτγη ,
Jlj(~y
′)Jηl(~z′ − ~y′)J0γ(~z′ − ~y′)||y′|→∞ = δjηδ0γ . (5.28)
Using the previous integral formulae, we obtain
T
(2)IJ,KL
























|~w − ~x|∆|~x|4−∆ εmkjJki(~x)Jmℓ(~w)
[(w − x)ℓ





In terms of the original xi coordinates, the second 3-point amplitude is given by
T
(2)IJ,KL










× |~x1 − ~x3|
2−∆εmkj
|~x1 − ~x2|∆+2|~x2 − ~x3|2−∆ Jki(~x2 − ~x3)
[(x3 − x1)m






To arrive at the result above, we have used a useful formula given below
Jmℓ(~x3 − ~x1)
[(x1 − x2)ℓ













6 Interpretation in the Dual Theory
In this section we shall discuss how our results for amplitudes in the ω-deformed bulk theory
at ω = π/8 are related to a certain operation on the U(1)×U(1) sector of the U(N)k×U(N)−k
ABJM theory. In the bulk, we shall denote the U(1) gauge field in the ω = 0 theory by A′µ,
to distinguish it from Aµ in the deformed theory.















|~x1 − ~x2|4 . (6.1)













|~x1 − ~x2|2 . (6.2)
It is easy to check that







where we have defined the topological current to be
J topi = i εijk∂jA(0)k . (6.4)
This relation can be understood as the electric-magnetic rotation in the bulk theory as follows.
From (3.24), it can be seen that the U(1) gauge fields in ω = 0 and ω = π/8 theories are
related on-shell by
F ′µν = −Gµν , (6.5)









2 Im(e2iωφIJ)∂µAν + · · · . (6.6)
Substituting the FG expansions (2.39), applicable for both the Ai and A
′




i ∂jA(0)k, A(1)i = −ε jki ∂jA′(0)k . (6.7)












In the ω = 0 case, A′(0)i is treated as the source and A
′
(1)i is the VEV, whereas in the ω = π/8
case, the roles of A(0)i and A(1)i interchange, with A(0)i becoming the VEV and A(1)i playing
the role of the source. Differentiating (6.8) with respect to A′(0)j and using (6.7), we derive the
relation (6.3). In fact, it follows from (6.8) that (n+m)-point functions obey, schematically,
〈O1 · · · OnJ top1 · · · J topn 〉
∣∣∣
ω=π/8




where the O denote scalar, vector or tensor primary operators in the ABJM model.
As a non-trivial check of this relation, we now examine the 3-point correlation functions
























PIJ ǫµνρσ∂µAνIJ∂ρAσ . (6.11)
Unlike the ω = π/8 case, when ω = 0 the U(1) gauge field satisfies a Dirichlet boundary
condition, and therefore the dual of the bulk U(1) gauge field is a conserved spin-1 current.
According to the AdS/CFT dictionary, the 3-point correlation function computed in the ω = 0
theory corresponds to a 3-point function involving two conserved spin-1 currents and a scalar
operator. Similar calculations lead to the 3-point correlation functions associated with the


























×(∆− 4)Jij(~x2 − ~x3) + ∆Jik(~x2 − ~x1)Jkj(~x1 − ~x3)|~x2 − ~x3|4−∆|~x1 − ~x3|∆|~x1 − ~x2|∆ , (6.13)
T˜
(2)IJ,KL









× |~x1 − ~x3|
1−∆εmkj
|~x1 − ~x2|∆+1|~x2 − ~x3|3−∆ Jki(~x2 − ~x3)
[(x3 − x1)m





The form of our 3-point correlation function matches with the general structure of 〈OJJ〉















im,∆=2 (~x1, ~x2, ~x3) = T˜
(1)IJ,KL









which agrees with (6.9).
In seeking a holographic CFT interpretation of these results, we know that the electric-
magnetic duality of the U(1) gauge field in the bulk can be understood in terms of the called
S-transformation of the boundary CFT, in which a global U(1) symmetry is gauged and an
off-diagonal Chern-Simons term is added to the CFT [6]. Noting that in addition to the
U(N)k × U(N)−k ABJM model there also exists an SU(N)k × SU(N)−k ABJM model, it is
tempting to interpret the former as the S-transform of the latter. This is motivated by the
fact that the bosonic part of the U(1) × U(1) sector of the ABJM model has the form
LABJM = −tr|(∂i − iBi)CI |2 + εijkAi∂jBk, I = 1 · · · 4 , (6.17)
where CI are scalar fields in the bi-fundamental representation of U(N)×U(N), and Ai, Bi are
defined in terms of the diagonal U(1)×U(1) gauge fields as Bi = A1i−A2i and Ai = A1i+A2i.
However, it has been pointed out that the bulk dual of the SU(N)k ×SU(N)−k model is not
simply related to the undeformed N = 6 theory [28].
Turning to the U(N)k×U(N)−k ABJM model, in addition to the U(1) current whose bosonic
part is








there also exists a topological current given by
J topi = εijk∂jAk . (6.19)
The Bi equation implies
J topi = Ji . (6.20)
Thus, the relation (6.9) that we found from the bulk point of view is manifestly realized due
to the on-shell identification of J topi with the Noether current J in the U(N)k × U(N)−k
ABJM model. Therefore we observe that the holographic dual of the ω = π/8 theory is not
a new CFT, but instead the ABJM model itself, in the sense that the processes involving the
Noether current J and those involving the dynamical U(1) in the ABJM model are described
by ostensibly distinct bulk theories with ω = 0 and ω = π/8 respectively, which, in turn, are
related to each other by electric-magnetic duality.
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7 Conclusions
The main goal of this paper has been to initiate an investigation of correlation functions
in the conformal field theories holographically dual to the recently discovered ω deforma-
tions of gauged supergravities. For simplicity, our principal focus has been on the N = 6
supersymmetric supergravities. However, since we obtained these ω-deformed N = 6 the-
ories by truncation from N = 8, it was of interest to study some of the aspects of the ω
deformations also in the full N = 8 gauged supergravities. We therefore also examined the
supersymmetry-preserving boundary conditions in ω-deformed SO(8) gauged N = 8 super-
gravity. The inequivalent such theories are characterized by ω lying in the interval [0, π/8].
For any non-vanishing ω in this interval we find that consistent Fefferman-Graham boundary
conditions for fluctuations around the trivial AdS4 vacuum can be compatible with at most
an N = 3 subset of the N = 8 supersymmetries. This result is obtained under the assump-
tion that the graviton and gravitini must necessarily obey Dirichlet boundary conditions, so
that they do not correspond to propagating spin-2 or spin-3/2 modes in the dual boundary
theory. In this N = 3 case, all the vectors must also obey Dirichlet boundary conditions. We
also find that N = 1 is the maximum allowed supersymmetry for which some of the vectors
can instead obey Neumann boundary conditions, when ω is non-vanishing. Furthermore, we
established that mixed boundary conditions on the vector fields, where a given vector would
have both electric and magnetic components on the boundary, are not allowed for any N ≥ 1
supersymmetry.
If ω does vanish, N = 8 supersymmetry is allowed with all spin≥ 1 fields obeying Dirichlet
boundary conditions [26]. We also found that at ω = 0 a maximum of N = 2 supersymmetry
is compatible with Neumann boundary conditions imposed on a subset of the vector fields.
The situation as regards supersymmetry-preserving boundary conditions is very different if
we actually truncate the N = 8 theory to a theory with a lower degree of supersymmetry.
Among such theories, in this paper we have studied the ω-deformed SO(6) gauged N = 6
supergravity. The undeformed version of this truncation was studied in [5]. We constructed
the N = 6 truncation for the ω-deformed theory, and showed that the ω deformation survives,
again in the interval [0, π/8]. We also exhibited the underlying SO∗(12)/U(6) coset structure
of the couplings. Furthermore, we found that N = 6 supersymmetry-preserving boundary
conditions are possible, provided that ω = π/8 (or ω = 0). When ω = π/8, the SO(6) gauge
fields still obey Dirichlet boundary conditions, but the additional U(1) gauge field obeys a
Neumann boundary condition. The ω = 0 and ω = π/8 theories are related by a U(1)
electric-magnetic duality.
The U(1) gauge field appears in the equations of motion only through its field strength, since
none of the N = 6 fields are charged under the U(1). We showed that the embedding of the
ω-deformed N = 6 theories into IIA supergravity reduced on CP3 can be straightforwardly
accomplished, in view of the fact that Kaluza-Klein reductions on spheres or other curved
manifolds are necessarily performed at the level of the equations of motion, as explained in
more detail in appendix A.
We computed the leading-order examples of ω-dependent tree-level amplitudes in the N = 6
theories, as a step towards understanding the ω deformation from a dual holographic view-
point. Up to 3-point tree-level graphs, we found that the only ω-dependent amplitudes are
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those involving the trilinear coupling of a SO(6) gauge field with the U(1) gauge field and
a scalar or pseudoscalar field. We computed these amplitudes, which are parity-violating.
The amplitudes turned out to be finite without the need for any regularisation. These results
would also have a wider applicability in other situations where one has gauge fields obeying
Neumann boundary conditions as well as gauge fields obeying Dirichlet boundary conditions.
We also computed the associated correlation functions in the undeformed theory. Inspired
by Witten’s holographic interpretation of bulk electric-magnetic duality [6], we found that
the electric-magnetic duality transformation of the U(1) field that is required when relating
the ω = 0 and ω = π/8 bulk theories has the effect of interchanging the Noether current
and topological current in the amplitudes of the U(1)× U(1) sector of the U(N)k × U(N)−k
ABJM model.
Although we focused on computing the amplitudes in the ω-deformed SO(6) gauged super-
gravity, it would be interesting to study other ω-deformed gauged supergravities that admit
an AdS4 vacuum, in framework of the AdS/CFT correspondence. At present, the following
gauged N = 8 supergravity theories are known to admit ω deformations with supersymmetric
AdS vacua [29]:
• SO(8) supergravity with N = 8 supersymmetry.
• SO(1, 7) and [SO(1, 1) × SO(6)] ⋉ T 12 supergravities with N = 4 supersymmetry.
• SO(8), SO(1, 7) and ISO(1, 7) gauged supergravities with N = 3 supersymmetry.
We have shown in this paper that in the SO(8) gauged N = 8 theory, the boundary conditions
preserve at most N = 3 supersymmetry for non-vanishing ω, even though the vacuum itself
preserves N = 8 supersymmetry. The supersymmetry-preserving boundary conditions and
holographic aspects for the remaining supersymmetric vacua deserve further investigation.
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A ω-Deformed N = 6 Supergravity and Higher Dimensions
An outstanding problem is to find whether the ω-deformed supergravities have any higher-
dimensional origin. In the case of ω-deformed N = 8 supergravity, it has been suggested
that to embed it into eleven-dimensional supergravity would probably require first extending
the eleven-dimensional theory to some kind of a doubled theory include a “dual graviton” in
addition to the usual one [4]. The idea, essentially, is that the ω deformation amounts to a
gauging in which some combination of the 28 dual vector gauge fields as well as the 28 original
gauge fields of the four-dimensional theory would participate in the minimal couplings to the
other fields of the N = 8 multiplet, and such gaugings could not arise unless the dual fields
were already themselves embedded into the eleven-dimensional theory, as components of a
dual graviton. However, the construction of such a doubled eleven-dimensional theory, with
non-linear couplings for the dual gravitons, remains an open problem.
The situation is rather different in the case of the ω-deformed N = 6 supergravities. As we
discussed in section 3, at the level of the four-dimensional equations of motion the ω parameter
in the deformed N = 6 theories can be absorbed by means of a duality transformation of the
U(1) gauge field. This can be done because unlike the SO(6) gauge fields, which have minimal
couplings to other fields in supermultiplet, the U(1) gauge field has no minimal couplings,
and it enters the equations of motion purely through its field strength. The non-triviality of
the ω parameter in the N = 6 theory stems solely from the fact that it cannot be absorbed
by any local field redefinition at the level of the Lagrangian, and thus it can affect quantum
properties of the theory (such as correlation functions in the dual theory).
For the above reasons, the question of whether the ω-deformed N = 6 supergravities can be
embedded in a higher-dimensional theory is rather different from the N = 8 case. First of
all, we note that the highly non-trivial mechanism whereby a sphere reduction can give rise
to a consistent truncation in the lower dimension is one that always operates at the level
of the equations of motion, rather than at the level of the Lagrangian. In other words, the
lower-dimensional theory, such as the standard N = 8 gauged supergravity, emerges at the
level of the equations of motion when the reduction ansatz is substituted into the higher-
dimensional equations of motion. One cannot instead substitute into the higher-dimensional
action and thereby obtain the lower-dimensional action. An illustration, pertinent to our
present discussion, of why this is the case is provided by a very early example of a non-
trivial consistent sphere reduction that was obtained in [30]. In that paper it was shown that
the four-dimensional Einstein-Maxwell theory with a negative cosmological constant could
be consistently embedded in eleven-dimensional supergravity, whose bosonic Lagrangian is
L11 = Rˆ ∗ˆ1l− 12 ∗ˆFˆ (4) ∧ Fˆ(4) + 16 Fˆ(4) ∧ Fˆ(4) ∧ Aˆ(3), with the reduction ansatz being given by [30]
dsˆ211 = ds
2
4 + (dψ +A+B)
2 + dΣ26 ,
Fˆ(4) = 6mǫ(4) − ∗F ∧ J . (A.1)
Here ds24 is the four-dimensional metric, with volume form ǫ(4), dΣ
2
6 is the Fubini-Study metric
on CP3 with Ricci tensor Rab = 8m
2gab, dB = 2mJ where J is the Ka¨hler form of CP
3, and ∗
denotes the four-dimensional Hodge dual. This reduction ansatz obeys the eleven-dimensional
equations of motion, and the Bianchi identity dFˆ(4) = 0, if and only if the four-dimensional
fields gµν and Aµ satisfy the Einstein-Maxwell equations [30]
Rµν = 2(FµρFν
ρ − 14F 2 gµν)− 12m2gµν , ∇µFµν = 0 . (A.2)
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The fact that the ansatz for the eleven-dimensional 4-form in (A.1) obeys the Bianchi identity
dFˆ(4) = 0 only upon the use of the four-dimensional equations of motion illustrates the fact
that one could not write down a reduction ansatz on the original fundamental fields gˆMN and
Aˆ(3) appearing in the eleven-dimensional Lagrangian.
The embedding of the Einstein-Maxwell theory given by (A.1) is in fact itself a consistent
truncation of the embedding of the (bosonic sector) of the standard gauged N = 6 super-
gravity into eleven dimensions, namely where the fields are truncated to the SO(6) singlets.
The Maxwell field in (A.1) is precisely the U(1) gauge field of the N = 6 theory.
The question of whether one can embed the ω-deformed family ofN = 6 gauged supergravities
in eleven-dimensional supergravity is a slightly tricky one. Since the consistent reduction must
be performed at the level of the equations of motion, and since the ω parameter in the gauged
N = 6 supergravities can be absorbed by means of local scalar field redefinitions and a U(1)
duality transformation at the level of the equations of motion, it follows that the entire family
of ω-deformed theories can be embedded into eleven-dimensional supergravity. Of course,
since the U(1) gauge potentials for two different values of ω are non-locally related, and since
the bare U(1) gauge potential appears in the metric ansatz, as in the further truncation in
(A.1), this means that the eleven-dimensional embeddings for two different values of ω would
be non-locally related.
One can instead consider the embedding the ω-deformed N = 6 supergravities into the ten-
dimensional type IIA supergravity. As was shown in [32], if one makes an S1 reduction on
the Hopf fibres of the S7 embedding of N = 8 supergravity into D = 11, truncating to the
U(1) singlets, one obtains the N = 6 gauged supergravity as a consistent reduction of type
IIA supergravity on CP3. In particular, the U(1) gauge field in the N = 6 theory is now
coming not from the ten-dimensional metric, but rather, it is the Ramond-Ramond 2-form
field strength already present in the type IIA theory. (Which arose, of course, from the
Kaluza-Klein vector of the S1 reduction from D = 11.) Thus in the embedding of the N = 6
theory into the type IIA theory the reduction ansatz only requires the knowledge of the U(1)
field strength, and not its 1-form potential. Accordingly, not only can one embed any of the
ω-deformed N = 6 supergravities into ten-dimensional type IIA supergravity, but also the
relation between the embeddings for two different values of ω can now be expressed purely
locally, since the U(1) gauge potential does not appear in the reduction ansatz from D = 10
to D = 4.
B Supersymmetric Boundary Conditions in ω-deformed N = 8
Theory
It was shown long ago that in the de Wit-Nicolai theory, there exist N = 8 supersymmetry-
preserving boundary conditions [26]. Explicitly, these boundary conditions, with the gauge





(0)i = 0, A
IJ
(0)i = 0, χ
IJK = 0, SIJKL(2) = 0, PIJKL(1) = 0 . (B.1)
3In this appendix we shall use I, J, . . . to denote SO(8) indices, while i, j, . . . denote boundary coordinate
indices.
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In this appendix, we shall show that in the ω-deformed N = 8 theories one can no longer
impose consistent boundary conditions that preserve the full N = 8 supersymmetry. Note
that we are making the key assumption in this analysis that the fields of spins 2 and 3/2 must
obey Dirichlet boundary conditions, to avoid having propagating graviton or gravitino modes
in the boundary theory. The goal in this appendix is then to determine the possible numbers
of supersymmetries that are preserved by appropriate choices of boundary conditions in the
full ω-deformed N = 8 theory.
Because shall be considering a subset N < 8 of the full N = 8 supersymmetry of the theory
itself, the supersymmetry variations of the boundary conditions on the gravitini will only
determine the boundary conditions on a subset of the vector fields. For the remaining vector
fields, we shall begin by considering the cases of purely Dirichlet or Neumann boundary
conditions on these fields. Later on, when considering the N = 1 case, we shall allow for all
possible mixed boundary conditions on the vector fields. We shall show, however, that such
mixed boundary conditions are ruled out. Applying similar considerations, we then show that
mixed boundary conditions on vectors are not possible for any N > 1 either, thus justifying
our previous restriction to the purely Dirichlet or Neumann possibilities.
B.1 N ≥ 4 Supersymmetry.
We shall first show that in the ω-deformed N = 8 theory there are no boundary conditions
that preserve an N = 4 subset of the N = 8 supersymmetries. In turn, this then implies that
there cannot be boundary conditions preserving any number N ≥ 4 of the supersymmetries,
either.
To show that N = 4 supersymmetry-preserving boundary conditions are not possible when
ω 6= 0, we split the SO(8) indices into I, J = 1, 2, 3, 4, and r, s = 5, ...8. It suffices in this
N = 4 case to consider the boundary conditions on the vector fields Arsi . Consider first
the case when they obey Dirichlet boundary conditions, i.e. Ars(0)i = 0. The supersymmetry
variation of this boundary condition, under the N = 4 subset ǫI of the supersymmetry
parameters (i.e. with ǫr = 0), leads to
cos 2ω PrsIJ(1) + sin 2ω SrsIJ(1) = 0, sin 2ω PrsIJ(2) − cos 2ω SrsIJ(2) = 0 . (B.2)
It then follows from the SU8) duality condition (2.37) that
cos 2ω PrsIJ(1) − sin 2ω SrsIJ(1) = 0, sin 2ω PrsIJ(2) + cos 2ω SrsIJ(2) = 0 . (B.3)
Therefore, if ω 6= 0, then we find SrsIJ(1) = PrsIJ(1) = SrsIJ(2) = PrsIJ(2) = 0, which are not
acceptable as boundary conditions since they would imply that these scalars all vanished
everywhere.
Now consider instead imposing Neumann boundary conditions on Arsi . If these boundary
conditions preserved N = 4 supersymmetry, they would also imply the existence of such
boundary conditions that preserved N = 3 supersymmetry. However, as we shall show
explicitly in the next subsection, there cannot exist N = 3 boundary conditions with Arsi
satisfying Neumann boundary condition. Thus we have established that when ω 6= 0 there
can exist no choice of boundary conditions that preserves N ≥ 4 supersymmetry.
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B.2 N = 3 Supersymmetry.
In the N = 3 case, we decompose the SO(8) indices so that I, J = 1, 2, 3, and r, s = 4, 5, ...8.
As we shall see below, there do in fact exist consistent N = 3 boundary conditions for ω 6= 0,
and, in particular, we can no longer derive an immediate contradiction, as we did for N = 4,
merely by considering the restrictions following from imposing Dirichlet or Neumann bound-
ary conditions on Arsi . Instead, we begin the analysis here by noting that the supersymmetry
variation of the Dirichlet boundary condition on the gravitini requires
ArI(0)i = 0, A
IJ
(0)i = 0 . (B.4)
The vanishing of the supersymmetry variations of ArI(0)i and A
IJ
(0)i then imply
cos 2ω χrIJ+ + i sin 2ωγ5χ
rIJ
− = 0, cos 2ω χ
IJK
+ + i sin 2ω γ5χ
IJK
− = 0 . (B.5)
The second equation is automatically invariant under N = 3 supersymmetry variations.
Demanding that the first equation be invariant under
δχrIJ+ = −SrIJK(2) ǫK+ + 2iPrstI(1) γ5ǫI− − i /DPrIJK(1) γ5ǫK+ ,
δχrIJ− = 2SrIJK(1) ǫK− − iPrIJK(2) γ5ǫK+ + /DSrIJK(1) ǫK+ , (B.6)
leads to
cos 2ω PrIJK(1) + sin 2ω SrIJK(1) = 0, sin 2ω PrIJK(2) − cos 2ω SrIJK(2) = 0 . (B.7)
Using the duality property (2.37) of the scalars, the above equations imply that
cos 2ω Prstp(1) − sin 2ω Srstp(1) = 0, sin 2ω Prstp(2) + cos 2ω Srstp(2) = 0 . (B.8)
It can be verified that the first equation in (B.5) guarantees that equations (B.7) and (B.8)
are invariant under the N = 3 supersymmetry variations.
We now consider the possible boundary conditions on the vector fields Arsi . Let us first
consider imposing Dirichlet boundary conditions on Arsi . The vanishing of the variation of
Ars(0)i requires
cos 2ω χrsI+ + i sin 2ω γ5χ
rsI
− = 0 . (B.9)
The supersymmetry variation of this condition, using
δχrsI+ = −SrsIJ(2) ǫJ+ + 2iPrsIJ(1) γ5ǫJ− − i /DPrsIJ(1) γ5ǫJ+ ,
δχrsJ− = 2SrsIJ(1) ǫJ− − iPrsIJ(2) γ5ǫJ+ + /DSrsIJ(1) ǫJ+ , (B.10)
implies
cos 2ω PrsIJ(1) + sin 2ω SrsIJ(1) = 0, sin 2ω PrsIJ(2) − cos 2ω SrsIJ(2) = 0 . (B.11)
Using the duality property (2.37) of the scalars, (B.11) implies
cos 2ω PIrst(1) − sin 2ω SIrst(1) = 0, sin 2ω PIrst(2) + cos 2ω SIrst(2) = 0 . (B.12)
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To preserve these conditions under the N = 3 supersymmetry variations





























− − ǫ¯I+γ5 /Dχrst]− − 12εIJKǫrstpq ǫ¯J+γ5 /DχKpq−
)
,
we need to impose
cos 2ω χrst+ − i sin 2ω γ5χrst− = 0 . (B.14)
The condition (B.14) is preserved under the supersymmetry variations
δχrst+ = −SrstI(2) ǫI+ + 2iPrstI(1) γ5ǫI− − i /DPrstI(1) γ5ǫI+ ,
δχrst− = 2SrstI(1) ǫI− − iPrstI(2) γ5ǫI+ + /DSrstI(1) ǫI+ ,
(B.15)
as a consequence of (B.12).
In summary, we have found a consistent set of N = 3 supersymmetry-preserving boundary
conditions, which takes the form
Ars(0)i = 0, A
rI
(0)i = 0, A
IJ
(0) = 0 ,
cos 2ω χrIJ+ + i sin 2ω γ5χ
rIJ
− = 0, cos 2ω χ
IJK
+ + i sin 2ω γ5χ
IJK
− = 0 ,
cos 2ω χrsI+ + i sin 2ω γ5χ
rsI
− = 0, cos 2ω χ
rst
+ − i sin 2ω γ5χrst− = 0 ,
cos 2ω PIrst(1) − sin 2ω SIrst(1) = 0 , sin 2ω PIrst(2) + cos 2ω SIrst(2) = 0 ,
cos 2ω PrIJK(1) + sin 2ω SrIJK(1) = 0 , sin 2ω PrIJK(2) − cos 2ω SrIJK(2) = 0 . (B.16)
Equations (B.8) and (B.11) are implied by the duals of the last two equations in (B.16).
We shall now show that it is not possible to impose instead Neumann boundary conditions
on Arsi while preserving N = 3 supersymmetry. Imposing the Neumann boundary condition







+ + iPrspq(1) ǫ¯I+γ(0)iγ5χpqI−
+SrsIJ(1) ǫ¯K+γ(0)iχIJK+ + iPrsIJ(1) ǫ¯K+γ(0)iγ5χIJK−
+2SrstI(1) ǫ¯J+γ(0)iχtIJ+ + i 2PrstI(1) ǫ¯J+γ(0)iγ5χtIJ−




sin 2ω χrsI+ − i cos 2ω γ5χrsI− = 0 . (B.18)
Furthermore, utilizing (B.8), one can see that the vanishing of Ars(1)i also requires
cos 2ω χrsI+ + i sin 2ω γ5χ
rsI
− = 0 . (B.19)
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The above equation, together with the second equation in (B.18), leads to
χrsI+ = 0, χ
rsI
− = 0 . (B.20)
This is too strong a condition on the fermions χrsI , since it implies that they vanish every-
where. Thus, we find that there cannot exist any consistent N = 3 boundary condition in
which Arsi satisfies Neumann boundary conditions.
B.3 N = 2 Supersymmetry
There can clearly exist N = 2 boundary conditions that simply follow as a reduction of the
N = 3 boundary conditions that we obtained above. However, since N = 2 supersymmetry
is less restrictive than N = 3, there could also exist further possible boundary conditions
that are compatible with N = 2 but not with N = 3. We shall therefore now proceed to the
analyze the case with N = 2 supersymmetry. We introduce indices I, J = 1, 2, and let r, s
range from 3 to 7. The Dirichlet boundary conditions for the gravitini imply
ψI(0)i = 0 ⇒ AIJ(0)i = 0,
ψr(0)i = 0 ⇒ ArI(0)i = 0 ⇒ cos 2ω χrIJ+ + i sin 2ω γ5χrIJ− = 0 . (B.21)
We now follow a sequence of steps paralleling those that we used for the N = 3 case. Using
the supersymmetry variations of the leading terms in the Fefferman-Graham expansions for
the spin-1, spin-12 and spin-0 fields, namely
δχrIJ+ = 0, δχ
rIJ
− = 0 ,
δχrsI+ = −SrsIJ(2) ǫJ+ + 2iPrsIJ(1) γ5ǫJ− − i /DPrsIJ(1) γ5ǫJ+ ,
δχrsI− = 2SrsIJ(1) ǫJ− − iPrsIJ(2) γ5ǫJ+ + /DSrsIJ(1) ǫJ+ ,
δχrst+ = −SrstI(2) ǫI+ + 2iPrstI(1) γ5ǫI− − i /DPrstI(1) γ5ǫI+ ,
























+ − 13!εrstpquǫIJ ǫ¯J−χpqu+
+ǫ¯I+ /Dχ
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−ǫ¯I+γ5 /Dχrst]− − 13!εrstpquǫIJ ǫ¯J+γ5 /Dχpqu−
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Srstp(1) ǫI+γ(0)iχtpI+ + iPrstp(1) ǫI+γ(0)iγ5χtpI−
+2SrstI(1) ǫJ+γ(0)iχtIJ+ + 2iPrstI(1) ǫJ+γ(0)iγ5χtIJ−
−Di(A(0))(cos 2ω ǫI+χrsI− + i sin 2ω ǫI+γ5χrsI+ )
)
, (B.22)
we find that we can obtain consistent N = 2 boundary conditions in which all the spin-1
fields satisfy Dirichlet boundary conditions. The full set of boundary conditions in this case
is given by
ArI(0)i = 0, A
IJ
(0)i = 0, A
rs
(0)i = 0, αrstχ
rst
+ + i γ5βrstχ
rst
− = 0,
cos 2ω χrIJ+ + i sin 2ω γ5χ
rIJ
− = 0, cos 2ω χ
rsI
+ + i sin 2ω γ5χ
rsI
− = 0 ,
sin 2ω SrsIJ(1) + cos 2ω PrsIJ(1) = 0 , cos 2ω SrsIJ(2) − sin 2ω PrsIJ(2) = 0 ,
βrstSrstI(1) + αrstPrstI(1) = 0 , αrstSrstI(2) − βrstPrstI(2) = 0, (B.23)
where the indices r, s, t are not summed, and the coefficients αrst and βrst are constants.
The point here is that the leading-order terms in the Fefferman-Graham expansions of the
fermions χrst, together with those of the scalars SrstI and PrstI , form a closed multiplet,
whose supersymmetry variations are not related to the expansions of any other fields, and so
we are free to impose whatever self-consistent boundary conditions we wish on these fields.
We can make an independent choice of boundary condition for each independent component of
χrst, with the boundary conditions for the corresponding SrstI and PrstI fields then following
from the N = 2 supersymmetry. In view of the antisymmetry and duality properties of SrstI
and PrstI , we can take αrst and βrst to be antisymmetric, and they should therefore satisfy
(αrstβpqu + βrstαpqu)ε
rstpqu = 0 , (B.24)
where there is no summation over r, s, · · · , u.
In the special case where we solve (B.24) by taking
α3pq = cosω , β3pq = sinω , 4 ≤ p ≤ q ≤ 8 ,
αpqr = cosω , βpqr = − sinω , 4 ≤ p ≤ q ≤ r ≤ 8 , (B.25)
the boundary conditions become those that would follow from the N = 3 boundary conditions
we derived earlier, by decomposing the N = 3 triplet index I into an N = 2 doublet and a
singlet.
If ω = 0, i.e. for the de Wit-Nicolai theory, we find that in addition to the N = 2
supersymmetry-preserving boundary conditions derived above, there can also exist another
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new set of allowed boundary conditions, in which Arsi satisfies Neumann boundary conditions.
The full set of boundary conditions in this case takes the form
ArI(0)i , A
IJ
(0)i = 0 , A
rs
(1)i = 0 , χ
rIJ
+ = 0 , χ
rsI
− = 0 , χ
rst
+ = 0 ,
PrsIJ(2) = 0 , SrsIJ(1) = 0 , PrstI(1) = 0 , SrstI(2) = 0 . (B.26)
B.4 N = 1 Supersymmetry
In the N = 1 case, we set all the supersymmetry transformation parameters to zero except
ǫ1. The SO(8) index I is split as I = (1, r) where r = 2, ..., 8. The supersymmetry variation
of the Dirichlet boundary conditions on the gravitino implies that
Ar1(0)i = 0 , (B.27)
which will not impose any further condition on the spin-12 fields because the variation of A
r1
(0)
automatically vanishes under N = 1 supersymmetry. The determination of the boundary
conditions for the remaining fields requires the utilization of the supersymmetry variations
of the leading terms in the Fefferman-Graham expansions for the spin-0, spin-1/2 and spin-1
fields, which are given by
δχ1rs+ = 0 , δχ
1rs
− = 0 ,
δχrst+ = −Srst1(2) ǫ1+ + 2iPrst1(1) γ5ǫ1− − i /DPrst1(1) γ5ǫ1+ ,
δχrst− = 2Srst1(1) ǫ1− − iPrst1(2) γ5ǫ1+ + /DSrst1(1) ǫ1+ ,































Srstp(1) ǫ1+γ(0)iχtp1+ + iPrstp(1) ǫ1+γ(0)iγ5χtp1−
−Di(A(0))(cos 2ω ǫ1+χrs1− + i sin 2ω ǫ1+γ5χrs1+ )
)
, (B.28)
where we have omitted the variations of Srstp and Prstp, since they are dual to Srst1 and
Prst1 respectively, and therefore are not independent fields. One can check that there are two
sets of boundary conditions preserving N = 1 supersymmetry. The first set, for which the
vector fields all obey Dirichlet boundary conditions, is given by
Ars(0)i = 0, cos 2ω χ
1rs
+ + i sin 2ω γ5χ
1rs
− = 0, αrstχ
rst
+ + i βrstγ5χ
rst
− = 0 ,
αrstSrst1(2) − βrstPrst1(2) = 0, βrstSrst1(1) + αrstPrst1(1) = 0 , (B.29)
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where the totally-antisymmetric coefficients αrst and βrst are arbitrary constants, and the
indices r, s, t are not summed over. The second set, for which the subset of vectors Arsi
instead satisfy Neumann boundary conditions, takes the form
Ars(1)i = 0 , sin 2ω χ
1rs
+ − i cos 2ω γ5χ1rs− = 0, sin 2ω χrst+ − i cos 2ω γ5χrst− = 0 ,
sin 2ω Srst1(2) + cos 2ω Prst1(2) = 0 , cos 2ω Srst1(1) − sin 2ω Prst1(1) = 0 . (B.30)




(0)jk = 0 . (B.31)




the supersymmetry variation of (B.31) gives rise to terms proportional to ǫ+ and ǫ−. The
vanishing of the terms proportional to ǫ− requires
χrs1− = i νγ5χ
rs1
+ , ν =
α sin 2ω + β cos 2ω
α cos 2ω − β sin 2ω . (B.33)
The vanishing of terms proportional to ǫ+, on the other hand, requires
α(Srstp − νPrstp)γiχtp1+ + iα(ν cos 2ω + sin 2ω)γ5Di(A0)χrs1+
+βεijk(cos 2ω − ν sin 2ω)γkDj(A0)χrs1+ = 0 . (B.34)
The coefficient of the first group of terms can be made to vanish. However, the vanishing
of last two groups of terms independently leads to the conditions ω = 0 and ν = 0. From
the definition of ν in (B.33), it follows that β = 0. Thus we conclude that mixed boundary
conditions are not allowed by N = 1 supersymmetry.
The terms proportional toDiχ+ play the key role in ruling out the mixed boundary conditions.
This makes it straightforward to show that mixed boundary conditions of the form (B.31) are
also forbidden by N > 1 supersymmetry. This is due to the fact that the Diχ+ terms from
δArs(0)i and δA
rs
(1)i are universal, with the appropriate ranges of the indices (I, r) understood.
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